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Abstract
Minimal degenerations of modules over all but one exceptional class of representation-finite
selfinjective algebras are given by extensions [G. Zwara, Colloq. Math. 75 (1998) 91]. This means
in terms of the complexity of degenerations, that these minimal degenerations have complexity one.
The minimal degenerations of modules for the exceptional class of representation-finite selfinjective
algebras are studied by R. Aehle [J. London Math. Soc. 66 (2002) 73]. In this paper it is shown that
these degenerations have complexity less or equal to two.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Let k be an algebraically closed field and Λ a finite-dimensional associative and unitary
k-algebra. We denote by modd (Λ) the affine GLd (k) variety of Λ-left module structures
on the d-dimensional vektor-space kd (see [2] for details). The orbits under the GLd(k)
action are the isomorphism classes of d-dimensional Λ-modules (see [9]).
1.1. Degenerations of modules
A d-dimensional module N is called a degeneration of M—in symbols M deg N—if
N belongs to the Zariski closure of the GLd (k)-orbit of M in modd(Λ). Since orbits are
irreducible and open in their closure, this defines a partial order on the set of isomorphism
classes of d-dimensional Λ-modules.
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M N , and if there exists no module P with M  P N and M deg P deg N .
An important approach to understand degenerations of modules is to compare the
induced partial order on the GLd(k) orbits in modd (Λ) with other partial orders. There
are several articles in this direction including works by S. Abeasis and A. del Fra [3],
K. Bongartz [5,6], Ch. Riedtmann [12] and G. Zwara [14,16] connecting deg to other
partial orders on the isomorphism classes of d-dimensional Λ-modules.
In [17] Zwara gives a description ofdeg in algebraic terms. The moduleM degenerates
to N if and only if there exists a short exact sequence
0 −→ S −→ S ⊕M −→N −→ 0 (1)
for some Λ-module S.
The partial order ext is the transitive closure of the relation MextN if there exists a
short exact sequence
0 −→N1 −→M −→N2 −→ 0 (2)
with N ∼=N1⊕N2. We take the pull-back of the sequence (2) with the canonical projection
N →N2 according to the isomorphism N ∼=N1 ⊕N2. This results in a sequence as in (1)
with S =N1. So ext implies deg.
1.2. The complexity of a degeneration
Another approach to study degenerations of modules is worked out in [1]. To every
degeneration M deg N a natural number cpl(M,N) is associated, called its complexity,
which characterizes the degeneration up to some extend. For example, if M deg N is a
minimal degeneration, then cpl(M,N)= 1 holds if and only if MextN .
Denote by Q the quiver
Q= 1
a1−→−−−− 2
b1
←−−−−
a2−→−−−− 3 · · ·
b2
←−−−−
with vertex set Q0 =N \ {0} and arrows ai : i→ i + 1, bi : i + 1→ i for every i ∈Q0.
We call a representation
T =N1
α1−→−−−− N2
α2−→−−−−
β1
←−−−− · · ·
αi−1−→−−−−
β2
←−−−− Ni
αi−→−−−−
βi−1
←−−−− · · ·
βi
←−−−−
of Q in modd (Λ) an exact tube if the sequence
0 →Ni
(
βi−1
αi
)
−−−−→Ni−1 ⊕Ni+1 (−αi−1,βi)−−−−−−→Ni → 0
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are Λ-linear and that αi is injective, βi is surjective, for all i  1. We say that T is an
(M,N)-tube if there is a natural number h such that
(i) N1 ∼−→
Λ
N,
(ii) Nh+j+1 ∼−→
Λ
Nh+j ⊕M for all j ∈N.
We call the smallest such number h the complexity cpl(T ) of the tube.
As indicated in the introduction of [1] there exists an (M,N)-tube if and onlyM deg N
holds. We define the complexity of a degeneration M deg N to be
cpl(M,N)= min cpl(T ),
where T ranges over all (M,N)-tubes.
1.3. Statement of the theorem
Theorem 1.1. Let Λ be a connected associative, unitary, selfinjective k-algebra of finite
representation type over the algebraically closed field k. If M deg N is a minimal
degeneration between finitely generated Λ-modules, then its complexity cpl(M,N) is less
or equal to 2.
Proof. Since the degeneration M deg N is minimal it follows from [17, Theorem 4]
that either MextN holds or there exist decompositions M ∼=M ′ ⊕W and N ∼= N ′ ⊕W
such that N ′ is indecomposable and M ′ deg N ′ is a minimal degeneration. In the first
case it follows from [1, Corollary 3.4] that cpl(M,N) = 1. With respect to the second
case, we remark that for every module W one can easily extend every (U,V )-tube to
a (U ⊕W,V ⊕W)-tube of the same complexity. In consequence, it holds cpl(U ⊕ W,
V ⊕W) cpl(U,V ) for every degeneration U deg V . Thus we can suppose that M deg
N is a minimal degeneration to the indecomposable module N . Using the classification of
representation-finite selfinjective algebras by Riedtmann [8,10,11], Zwara showed in [15]
that the stable Auslander–Reiten quiver of Λ is isomorphic to ZD3m/τ 2m−1. Hence
Proposition 3.2 ensures the existence of a short exact sequence of the form
0 −→ S
(
f
g
)
−−−→ S ⊕M −→N −→ 0
with f 2 = 0. It follows from [1, Remark 4.3 and Lemma 3.3] that cpl(M,N) 2. ✷
Of course, a minimal degeneration M deg N to an indecomposable module N cannot
be given by an extension MextN . Hence 2 is the smallest possible complexity for such a
degeneration. This means that the minimal degenerations of modules over representation-
finite selfinjective algebras behave as good as possible with respect to the complexity.
R. Aehle / Journal of Algebra 274 (2004) 652–661 655In the following section some theoretical background is recalled. The last section is
dedicated to Proposition 3.2 in which the technical part of the proof of Theorem 1.1 is
included.
2. Preliminaries
We denote by ΓΛ the Auslander–Reiten quiver of the algebraΛ and by τ the Auslander–
Reiten translation. A vertex x ∈ ΓΛ is called stable if τn(x) is defined for every n ∈ Z. Let
Γ sΛ be the stable Auslander–Reiten quiver, that is the full subquiver of ΓΛ consisting of all
stable vertices.
In the sequel we are concerned with a representation-finite selfinjective algebraΛ whose
stable Auslander–Reiten quiver Γ sΛ is isomorphic to ZD3m/τ 2m−1.
2.1. The stable translation quiver ZD3m
The stable translation quiver ZD3m has the vertices (i, j) where i ∈ Z and j ∈
{1, . . . ,3m}. There are arrows
αi,j : (i, j)→ (i, j + 1), βi,j+1 : (i, j + 1)→ (i + 1, j)
for 1 j  3m− 2 and arrows
α′i,3m−2 : (i,3m− 2)→ (i,3m), βi,3m : (i,3m)→ (i + 1,3m− 2)
for every i ∈ Z. The translation is given by τ (i, j)= (i− 1, j). Thus the vertices (i, j) and
(i + 2m− 1, j) are identified in the quotient ZD3m/τ 2m−1.
A vertex (i, j) ∈ ZD3m is called high, if j  3m− 1, and low otherwise. Between the
vertices (i,3m− 2) and (i + 1,3m− 2), there exist exactly three paths which we denote
by h+1i := βi,3m ◦ α′i,3m−2, h−1i := βi,3m−1 ◦ αi,3m−2 and li := αi+1,3m−3 ◦ βi,3m−2.
2.2. Some remarks on configurations of ZD3m
Let C be a subset of vertices of ZD3m. The translation quiver ZD3m,C is obtained from
ZD3m by adding a vertex c∗, an arrow γc : c→ c∗, and an arrow δc : c∗ → τ−1(c) for every
c ∈ C . We take the translation τ of ZD3m,C to be the translation on ZD3m on the common
vertices and to be undefined on the new vertices. By k(ZD3m) we denote the mesh category
of ZD3m. We recall the definition of a configuration (compare with [11, Definition 2.3]).
Definition 2.1. A subset C ⊂ ZD3m is called a configuration of ZD3m if the following two
conditions hold:
(1) For every vertex x of ZD3m there exists a vertex c ∈ C such that k(ZD3m)(x, c) = 0.
(2) For two distinct vertices c and d in C it holds k(ZD3m)(c, d)= 0.
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Let C be a configuration of ZD3m such that the translation quiver ZD3m,C/τZ(2m−1) is
isomorphic to ΓΛ. Such a configuration exists as Riedtmann showed in [11, Section 2]. Of
course, C has to be τZ(2m−1) stable, which means that for every n ∈ Z and every x ∈ C the
vertex τn(2m−1)x lies in C as well.
It follows immediately from [8, Lemma 1.6] that there exists exactly one high vertex
modulo τZ(2m−1) in C . Without loss of generality, we can suppose that {τZ(2m−1)ch} is the
set of high vertices in C , where
ch =
{
(p,3m− 1) if p is even,
(p,3m) if p is odd and 0 p < 2m− 1.
The shadow starting, respectively ending, in a vertex (i, j) ∈ ZD3m is the set of
vertices (i ′, j ′) ∈ ZD3m such that there exists a path ω : (i, j)→ (i ′, j ′), respectively a path
ω′ : (i ′, j ′)→ (i, j), whose class in the mesh-category k(ZD3m) is different from zero. The
union of the shadows (see [13, Proposition 2]) starting and ending in the high vertices of C
include all vertices of (i, j) ∈ ZD3m with j m. Compare with Fig. 1 where, in case that
p is even, the complement of the union of the shadows is indicated by the shaded areas.
Hence the following lemma is a consequence of the second condition in the Defini-
tion 2.1 of a configuration.
Lemma 2.2. Let C be a τZ(2m−1) stable configuration of ZD3m. If (i, j) ∈ C for some
j m, then (i, j) ∈ {τZ(2m−1)ch}.
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k(ZD3m,C).
Remark 2.3. In the mesh category k(ZD3m,C) the following equalities hold:
(1) If (i, j) ∈ C with j < 3m− 2 then βi,j+1 ◦ αi,j =−αi+1,j−1 ◦ βi,j .
(2) If both (i,3m−1), (i,3m) are not in C then for ) ∈ {±1} it holds h)i+1 ◦ li = li+1 ◦h−)i .
In order to express morphisms of Λ-modules in terms of paths in ZD3m,C, we note:
Remark 2.4. Let Γ := ZD3m,C and π :Γ → ΓΛ be the projection. Following
[7, Example 3b], there exists a functor ¯ : k(Γ )→ indΛ with the following properties:
(1) For every vertex x ∈ Γ it holds x¯ = π(x).
(2) For every arrow α :x→ y in Γ the morphism α¯ : x¯→ y¯ is irreducible.
(3) If x ∈ Γ is stable and
e1
η1
x
µ1
µr
... τ
−1x
er
ηr
is the mesh starting in x , then
Σx : x¯


µ¯1
...
µ¯r


−−−−→ e¯1 ⊕ · · · ⊕ e¯r [η¯1···η¯r ]−−−−−→ τ−1x
is an Auslander–Reiten sequence.
(4) HomΛ(x¯, y¯)∼=⊕z|π(z)=π(y) k(Γ )(x, z)∼=⊕z|π(z)=π(x) k(Γ )(z, y).
Note that, in general, the functor ¯ cannot be chosen to be τZ(2m−1) invariant on the
arrows of Γ .
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Suppose that the following diagram commutes:
B1
β1
A1
f1
α1
I B2
β2
A2
−f2
α2
II B3
A3
f3
If both of the diagrams I and II are push-outs, respectively pull-backs, then the whole
diagram is a push-out, respectively a pull-back. The following lemma due to Assem and
Skowronski [4, Lemma 2.1] encodes this observation.
Lemma 3.1. For i ∈ {1,2}, let
Σi : 0→Ai
[αi
γi
fi
]
−−−→Ai+1 ⊕ P1 ⊕B1 [fi+1 δi βi ]−−−−−−−→ Bi+1 → 0
be short exact sequences. Then
Σ : 0 →A1


−α2α1
γ1−γ2α1
f1


−−−−−−→A3 ⊕ P1 ⊕P2 ⊕B1 [f3 β2δ1 β2 β2β1]−−−−−−−−−−→B3 → 0
is short exact as well.
We will say that we obtain Σ by merging Σ1 and Σ2 along f2.
Proposition 3.2. Let Λ be a representation-finite selfinjective algebra such that its
stable Auslander–Reiten quiver ΓΛ is isomorphic to ZD3m/τ 2m−1. Let M deg N be a
degeneration to the indecomposable module N . Then there exists a short exact sequence
S
[
f
g
]
−−→ S ⊕M →N with f 2 = 0. (3)
In the proof of Proposition 3.2, a short exact sequence (3) is constructed by merging
short exact sequences according to Lemma 3.1. Apart of the Auslander–Reiten sequences,
the following short exact sequences, Σ1, Σ−1 for i ∈ Z, will be needed:i i
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
β¯i,3m−1 β¯i,3m
−β¯i,3m−1 0
−γ¯i,3m−1 0
0 γ¯i,3m


−−−−−−−−−−−→ (i + 1,3m− 2)⊕ (i + 1,3m− 2)⊕ Pi,3m−1 ⊕ Pi,3m[
0 α¯i+1,3m−2 δ¯i,3m−1 0
α¯′i+1,3m−2 α¯′i+1,3m−2 0 δ¯i,3m
]
−−−−−−−−−−−−−−−−−−−−−−→ (i + 1,3m− 1)⊕ (i + 1,3m),
Σ−1i : (i,3m− 1)⊕ (i,3m)

β¯i,3m−1 β¯i,3m
0 −β¯i,3m
γ¯i,3m−1 0
0 −γ¯i,3m


−−−−−−−−−−−→ (i + 1,3m− 2)⊕ (i + 1,3m− 2)⊕ Pi,3m−1 ⊕ Pi,3m[
α¯i+1,3m−2 α¯i+1,3m−2 δ¯i,3m−1 0
0 α¯′i+1,3m−2 0 δ¯i,3m
]
−−−−−−−−−−−−−−−−−−−−−→ (i + 1,3m− 1)⊕ (i + 1,3m).
The modules Pi,j are the projective and injective indecomposable Λ-modules corre-
sponding to the vertices c∗ in ZD3m,C . In particular, Pi,j = 0 if (i, j) /∈ C . The exactness
of these sequences follows directly from the exactness of the Auslander–Reiten sequences
starting in a high vertex.
Proof of Proposition 3.2. Let M deg N be a proper degeneration to an indecomposable
module N . It is shown in [2, Theorem 1.1] that the indecomposable module N corresponds
to a vertex π(i,m+r) in the stable Auslander–Reiten quiverΓ sΛ ∼= ZD3m/τ 2m−1 of Λ with
1 r m. After relabeling the Auslander–Reiten quiver, if necessary, we can suppose that
N ∼= (0,m+ r).
We construct the sequence (3) in two steps (see Fig. 1). First we merge for each
0 s < r the sequences
Σs,m−s, . . . ,Σs,3m−2,Σ(−1)
s
s ,Σs+1,3m−2, . . . ,Σ2m−2,m+s+1
along the morphisms
β¯s,m−s+1, . . . , β¯s,3m−2, [β¯s,3m−1 β¯s,3m],
[
α¯s+1,3m−2
α¯′s+1,3m−2
]
, α¯s+1,3m−3, α¯2m−2,m+s+1
according to Lemma 3.1. This results for 0 s < r in the short exact sequences
Σs : (s,m− s)

 α¯sβ¯s,m−s
γ¯s


−−−−−−→ (2m− 1,m+ s)⊕ (s + 1,m− s − 1)⊕ Ps
[α¯2m−1,m+s α¯s+1 δ¯s ]−−−−−−−−−−−−→ (2m− 1,m+ s + 1)
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Ps = Ps,m−s ⊕ · · · ⊕ Ps,3m−2 ⊕ Ps,3m−1 ⊕ Ps,3m⊕ Ps+1,3m−2 ⊕ · · · ⊕P2m−2,m+s+1
and
αs = β2m−2,m+s+1 · · ·βs+1,3m−2h(−1)s+1s αs,3m−3 · · ·αs,m−s .
Then we merge the sequences Σ0, . . . ,Σr−1 along α¯1, . . . , α¯r−1 and obtain
Σ : (0,m)

 α¯0β¯
γ¯


−−−→ (2m− 1,m)⊕ (r,m− r)⊕ P [α¯ α¯r δ¯]−−−−−→ (2m− 1,m+ r)
where P = P0 ⊕ · · · ⊕ Pr−1, β = (−1)r−1βr−1,m−r+1 · · ·β0,m, and α = α2m−1,m+r−1 · · ·
α2m−1,m. Note that N ∼= (2m− 1,m+ r). Let S = (0,m) = (2m− 1,m) and f = α¯0 :
S→ S. Thus the sequence Σ insures that (r,m− r)⊕P degenerates to N . But according
to [2, Theorem 1.1], there exists up to isomorphism exactly one module degenerating to N ,
which is not isomorphic to N . Hence M ∼= (r,m− r)⊕P .
In order to show that f 2 = 0 holds, we express f 2 as the image under the functor ¯of a
linear combination of paths in ZD3m,C .
Note that α0 = ω2 ◦ h−10 ◦ ω1 where
ω1 = α0,3m−3 ◦ · · · ◦ α0,m and ω2 = β2m−2,m+1 ◦ · · · ◦ β1,3m−2.
Hence f factorizes over (0,3m− 1). According to Remark 2.4.4, we can express f as the
image under the functor¯of a linear combination of paths starting at the vertex (2m−1,m).
Since f factorizes over (0,3m− 1), we can choose each of these paths to factorize over
some of the vertices (t (2m− 1),3m− 1) with t > 1. Hence
f = a(ω¯′1h¯−12m−1ω¯′2)+∑
i
ai ν¯i
where ω′1 = α2m−1,3m−3 · · ·α2m−1,m, ω′2 = β4m−3,m+1 · · ·β2m,3m−2, and νi are paths
ending at one of the vertices (t (2m− 1),m) with t > 2.
But in consequence of [8, Proposition 1.3], the length of a path in ZD3m,C with
nonvanishing image in the mesh category between stable vertices does not exceed 12m−8.
Therefore
f 2 = a(ω¯′2h¯−12m−1ω¯′1ω¯2h¯−10 ω¯1)+∑
i
ai
(
ν¯i ω¯2h¯
−1
0 ω¯1
)= a(ω¯′2h¯−12m−1ω¯′1ω¯2h¯−10 ω¯1).
Note that because of the position of the high vertex ch ∈ C , we have h(−1)
2m−p
p h
(−1)p+2
p+1 = 0
in k(ZD3m,C). Furthermore, Lemma 2.2 insures that there is no low vertex (i, j) ∈ C with
j m. Thus we have the following equalities in k(ZD3m,C) by the mesh relations stated
in Remark 2.3:
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−1
2m−1ω
′
1ω2h
−1
0 ω1 = (−1)m−1ω′2h−12m−1l2m−2 · · · l1h−10 ω1
= (−1)m−1ω′2l2m−1 · · · lp−1h(−1)
2m−p
p h
(−1)p+2
p+1 lp+2 · · · l0ω1 = 0.
Hence f 2 = 0. ✷
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